The goal of this paper consists in showing how a recently developed sufficient theorem appropriate for certain classes of optimal control problems containing mixed state-control constraints could be applied. The existence of a singular solution to a practical application involving an economic model with population growth becomes an outstanding component of the paper.
Introduction
In the classical calculus of variations the first order condition in terms of the variations has been characterized in terms of the Euler-Lagrange equation. This characterization has become extremely relevant in the theory since the verification of the vanishing of the first variation over the set of admissible variations presents the undesirable feature that its fulfilment can be in general of the same degree of complexity as solving directly the original problem. Furthermore, in many cases the extremals of the proposed problem must be of class C 2 , and in this situation the Euler-Lagrange equation turns out to be a second order differential equation, a fact which provides us with a very useful tool to seek candidates for optimality. On the other hand, the second order condition consisting on the nonnegativity of the second variation over the set of admissible variations also posesses two undesirable issues. First, as in the previous case the verification process of this condition is as difficult as trying to solve the primary problem at once. Second, because of the first fact, Jacobi characterized the former condition in terms of the nonexistence of points conjugate to the underlying open interval under consideration. Unfortunately, this characterization is only applicable when the candidate trajectory is nonsingular. With the purpose of filling this gap in the theory, in [1, 2] the nonnegativity of the second variation has been characterized in terms of an extended notion of conjugate points. The main result of these theories concerns the fact that (without assumptions of smoothness and nonsingularity on the proposed arc to be an optimum) these sets of conjugate points are empty in the underlying half-open interval if and only if the second variation is nonnegative on the set of admissible variations. These theories seem to be successful since when one is able to detect the existence of a negative admissible variation, precisely this negative variation can be used to find an extended conjugate point implying the nonoptimality of the candidate taken into account. In other words, when dealing with singular trajectories, never is more difficult to check nonemptiness of the sets introduced in [1, 2] than verifying the negation of the classical second order condition in terms of the variations.
Nevertheless, for optimal control problems (as the one considered in this paper) due to the fact that the derivative of the trajectory is constrained to a dynamic which involves state-control variables and also due to the existence of additional restrictions in terms of the states and the controls, the claim of verifying the positivity of a second variation over a set of admissible variations does not present the same kind of difficulties as in the calculus of variations problem. In fact, the main objective of this paper consists in illustrating how an approach of sufficiency (given in [3] ) mainly based on the positivity of a second variation, can be successfully applied to a practical problem related to an economic model which takes into account population growth. The sufficient conditions of the theorem impose the fulfilment of the classical Pontryagin maximum principle in normal form, the necessary condition of Legendre-Clebsch, the positivity of a quadratic integral on an appropriate set of nonnull admissible variations, and a condition related to the Weierstrass excess function. A remarkable issue of this sufficient theory is its applicability to singular extremals, this fact arises since the verification technique used to prove the corresponding sufficiency theorem only invokes the necessary condition of Legendre but not its strict version. On the other hand, it is worth mentioning that this model has already been applied in [4] , however, there the corresponding sufficient theorem does not respond for problems involving mixed state-control constraints as those presented in this article.
A sufficient theorem for weak minima
In this section we state the problem we shall study and enunciate a sufficient result for a strict weak minimum. Suppose we are given an interval T := [t 0 , t 1 ] in R, two points ξ 0 and ξ 1 in R n , and functions L, f , and ϕ mapping T × R n × R m to R, R n , and R q respectively.
Consider problem (P) of minimizing
over all couples (x, u) with x: T → R n absolutely continuous and u:
. Denote by X the space of absolutely continuous functions mapping T to R n and U k := L ∞ (T ; R k ) the set of essentially bounded functions mapping T to R k . Elements (x, u) ∈ X × U m will be called processes and a process (x, u) is admissible if it satisfies the constraints (a)-(c). An admissible process (x, u) is called a weak minimum of (P) if there exists > 0 such that the inequality I(x, u) ≤ I(y, v) holds for all admissible processes (y, v) = (x, u) satisfying (y, v) − (x, u) ∞ < . If the inequality can be replaced by a strict inequality, the minimum is said to be a strict weak minimum.
It will be assumed throughout the paper that the functions L, f , and ϕ are continuous and of class C 2 with respect to x and u on T × R n × R m .
For the theory to follow we shall find convenient to introduce the following definitions.
• For all (t, x, u, p, µ)
• Given p ∈ X and µ ∈ U q define, for all (t, x, u) ∈ T × R n × R m ,
• For any (x, u) ∈ X ×U m the notationz(t) denotes (t, x(t), u(t)). Similarly, for any (x 0 , u 0 ) ∈ X × U m ,z 0 (t) denotes (t, x 0 (t), u 0 (t)).
• With respect to F (which depends on p and µ), let
• Consider the second variation of J with respect to (
• Denote by E the Weierstrass excess function with respect to F ,
• An admissible process (x, u) satisfies the strengthened condition of LegendreClebsch if F uu (z(t)) > 0 (t ∈ T ).
• For all u ∈ L 1 (T ; R m ) set
and denote by := ∞ the essential supremum norm in X × U m .
• The notation * denotes transpose.
The statement and proof of the following theorem are presented in [3] . Also, in [3] two examples provide the existence of two singular solutions of the problem at hand. This fact occurs since the proposed singular extremals actually satisfy all the conditions of the corresponding sufficient theorem presented below. The sufficient conditions can be summarized as follows. Condition (i) is the classical first order necessary condition in normal form, (ii) corresponds to the Legendre-Clebsch necessary condition and since its strict version is not imposed, the theorem is able to detect singular solutions, condition (iii) is precisely the positivity of the second variation over all nonnull admissible variations, and (iv) concerns an inequality condition involving the Weierstrass excess function of F and the functional D which plays the role of a square of a norm.
Theorem:
Let (x 0 , u 0 ) be an admissible process. Suppose there exist, p ∈ X, µ ∈ U q , and h, > 0 such that i.ṗ(t) = −H * x (z 0 (t), p(t), µ(t)) (a.e. in T ) and
, and y(t 0 ) = y(t 1 ) = 0. b. ϕ x (z 0 (t))y(t) + ϕ u (z 0 (t))v(t) = 0 (a.e. in T ). iv. For all admissible processes (x, u) satisfying (x, u) − (x 0 , u 0 ) < ,
Then there exist µ, ν > 0 such that, for all admissible processes (x, u) satisfying
In particular, (x 0 , u 0 ) is a strict weak minimum of (P).
An application
In this section we shall study a simple application concerning a model for a one sector economy which takes into account population growth. In this economic model we shall assume that the only factor which may decrease the capital per worker is the incorporation of additional workers to the economy.
Denote by x(t) the capital per worker at time t, and by P (t) the rate of production per worker at time t. Therefore P (t)x(t) gives the rate of increase of capital per worker due to production. If the population has growth a rate G(t) at time t, there is a rate of decrease −G(t)x(t) of capital per worker due to population growth. A fraction u(t) of new production is retained in the economy and the remaining fraction 1 − u(t) is consumed. Hence the equatioṅ x(t) = u(t)P (t)x(t) − G(t)x(t) provides the rate of change of the capital per worker given by the difference between the rate of increase of capital (due to production) not consumed minus the rate of increase of capital due to population growth. Consider the problem of choosing a savings plan u(t) to increase or decrease the capital per worker from ξ 0 to ξ 1 in an interval of time T := [t 0 , t 1 ], while maximizing the global rate of consumption
We shall consider a one sector population growth model assuming that the interval of time is T = [0, 1], ξ 0 = (1/3) exp(2/3) and ξ 1 = 1/3. The rate growth function G will be given by G(t) := t 1/2 and the rate production function is given by P (t) := t 1/2 /2. Moreover, we shall introduce an equality statecontrol constraint ϕ(t, x(t), u(t)) = 0 (t ∈ [0, 1]). In this case the function ϕ: T × R × R → R 2 will be given by
and µ 2 (t) := 0 (t ∈ T ).
As one readily verifies (x 0 , u 0 , p, µ) satisfies condition (i) of Theorem 2.1. Moreover, the function F is given by
and hence,
implying that (x 0 , u 0 ) is singular and condition (ii) of Theorem 2.1 holds. Also, observe that, for all t ∈ T ,
and hence (y, v) satisfies (a) and (b) of Theorem 2.1(iii) if and only iḟ
y(0) = y(1) = 0, and
Consequently, there are no nonnull (y, v) ∈ X × L 2 (T ; R) satisfying (a) and (b) of Theorem 2.1(iii) and hence Theorem 2.1(iii) is fulfilled.
Let us now suppose that condition (iv) of Theorem 2.1 does not hold. Then for all q ∈ N, there exists an admissible process (x q , u q ) such that
Note that the last inequality implies that u q = 0 (q ∈ N). By the second restriction of (c), one readily verifies that if (x q , u q ) − (x 0 , u 0 ) < 1/q (q large enough), we have
Then, we may assume that for all q ∈ N and t ∈ T ,
For all q ∈ N, set Γ q := {t ∈ (0, 1] | u q (t) = 0}, and observe that for all q ∈ N, Γ q has positive measure. Now, note that since V (c)(2 + V (c)) = c 2 (c ∈ R), by (3.1), for all q ∈ N, x q (t) = V (t 1/2 u q (t)) 2 + V (t 1/2 u q (t)) (t ∈ Γ q ). As for all q sufficiently large and t ∈ T , (t, x q (t)) ∈ T 0 (x 0 ; δ) ⊂ Q, then for all q sufficiently large and t ∈ T ,
However, since u q (t) → u 0 (t) uniformly on T , then for all q sufficiently large V (t 1/2 u q (t)) 2 + V (t 1/2 u q (t)) < 2 exp(−2) (t ∈ T ). (3.4) By (3.2) and (3.4), for all q sufficiently large,
x q (t) < 2 exp(−2) (t ∈ Γ q ) contradicting (3.3). Consequently, there exist h, > 0 such that condition (iv) of Theorem 2.1 is satisfied. Therefore, (x 0 , u 0 ) is a strict weak minimum of problem (P).
